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LOOP GROUPS AND NONCOMMUTATIVE GEOMETRY 


SEBASTIANO CARPI AND ROBIN HILLIER 


Abstract. We describe the representation theory of loop groups in terms of K- 
theory and noncommutative geometry. This is done by constructing suitable spectral 
triples associated with the level I projective unitary positive-energy representations 
of any given loop group L G. The construction is based on certain supersymmetric 
conformal field theory models associated with L G. We then generalize the construc¬ 
tion, in the setting of conformal nets, to many other rational chiral conformal field 
theory models including coset models and the moonshine conformal net. 


1. Introduction 

Since its foundation by Connes [TS], noncommutative geometry has been of growing 
importance, with impact on various helds of mathematics and physics: differential 
geometry, algebraic topology, index theory, quantum held theory, quantum Hall effect 
descriptions, etc., to name a few. The core idea is to work with an algebraic approach, 
which is in some sense “dual” to a topological one, namely instead of a given locally 
compact topological space one works with the commutative C*-algebra of continuous 
functions on it vanishing at inhnity. It turns out that this offers several different 
and useful tools. According to Gelfand-Neimark’s theorem, every commutative C*- 
algebra is actually of this type. To make things meaningful, usually some additional 
structure is requested to be given alongside the C*-algebra of continuous functions. 
The step to the noncommutative setting consists now basically in still requiring this 
further structure but allowing for arbitrary noncommutative C*-algebras (or even more 
general noncommutative topological algebras) instead of the commutative C*-algebra 
of continuous functions (cf. [201 for overview and a comprehensive study). 

Examples of such further structures in noncommutative geometry are spectral triples 
(A, (vr,'H), D), where apart from the algebra A, a representation vr on some Hilbert 
space "H and a selfadjoint operator D with compact resolvent on Ti are given. In the 
commutative case such a triple together with some additional data completely describes 
a smooth compact manifold, according to Connes’s recent reconstruction theorem |21j . 
In the noncommutative case, this is by far not enough to understand the complete 
structure well, but it suffices in order to partially understand the noncommutative ge¬ 
ometry of given objects, and to compute K-homology classes, noncommutative Chern 
characters and index pairings with K-theory. There is a bivariant version of K-theory, 
called KK-theory: a bifunctor from the category of C*-algebras to abelian groups. 
KK-theory plays a fundamental role in the structure theory of C*-algebras and in non¬ 
commutative geometry; apart from the inherent group addition, it admits a so-called 
intersection product, and it generalizes both K-theory and K-homology. The operator 
algebraic nature of noncommutative geometry has enabled many fruitful connections to 
other areas in mathematics and physics (cf. again [201 IT6] h In this article we establish 
a link with the representation theory of loop groups. 
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Loop groups are well-studied examples of infinite-dimensional Lie groups [ZD [72]. 
Given a smooth compact manifold X and a connected simply connected compact simple 
Lie group G with Lie algebra g, a natural object to investigate is the group C°°{X, G) 
of smooth maps X —)■ G, with point-wise multiplication and with the G°° topology 
(uniform convergence of all partial derivatives). It is an inhnite-dimensional Lie group 
modeled on the topological vector space G°°{X, g) of smooth maps X —)■ g. Moreover, 
the Lie algebra of G°°{X,G) turns out to be G°°(X, g) with point-wise brackets [711 
Example 1.3]. Loop groups are obtained in the special case where X = 5^. Accordingly 
the loop group of G is given by LG := G°°{S^, G) and it is an inhnite-dimensional Lie 
group with Lie algebra G°°(S'^,g) [72]. The latter admits nontrivial central extensions 
corresponding to the affine Kac-Moody Lie algebras associated with g [sang. 

Loop groups are important objects to study in mathematics: they play a fundamental 
role in conformal quantum held theory and string theory. They have shown deep rela¬ 
tions with various other mathematical areas such as number theory, subfactor theory, 
quantum groups and topological quantum held theories, see e.g. [D ED ESI SD SD ES]- 

Loop groups also have a very interesting representation theory. It is obtained by 
restricting to a special class of (projective) unitary representations, namely the so-called 
positive-energy representations, or more precisely, those arising by integrating unitary 
highest weight irreducible representations of the underlying affine Kac-Moody algebra 
gc- There is a distinguished central element Cg in gc and it takes positive integer value 
in such a representation; this integer is called the level of the representation. For every 
given level i there are only hnitely many classes of such representations; remarkably, 
they generate a commutative ring R^{L G), the so-called Verlinde fusion ring. The ring 
structure comes from the operator product expansion in the conformal held theory 
model associated to the representation theory of L G at level £. Mathematically this 
can be described in various ways. For example the ring product can be dehned through 
the so called Verlinde formula from the modular invariance property of the characters 
of the representations, see e.g. m Chap.5] and [ID Chap. 6]. More conceptually 
R^{L G) can be dehned as the set of equivalence classes of objects in the braided tensor 
category of level £ representations of L G. The tensor structure on the latter category 
can be obtained e.g. through the Huang-Lepowsky theory of tensor products for vertex 
operator algebra modules [S2], see also [ID Chap. 6]. For explicit computations of the 
fusion rings see fI7] . 

In this paper we give a description of the Verlinde fusion ring R^(LG) in terms of 
K-theory and noncommutative geometry for any given connected simply connected 
compact simple Lie group G and positive integer level £. To this end we dehne a 
nonunital C*-algebra and a norm dense subalgebra C associated with the 
level £ positive-energy representations of LG. Then, for any irreducible level £ rep¬ 
resentation of L G we construct a spectral triple with algebra and show that the 
entire cyclic cohomology class of the corresponding JLO cocycle completely determines 
the unitary equivalence class of the loop group representation. These spectral triples 
give rise to a group isomorphism from the level £ Verlinde fusion ring R^(LG) of LG 
onto the K-ho mo logy group and, dually, to an isomorphism of i?^(LG) onto 

the K-theory group Ko{^Ge)- As a consequence we show that there is also an injec¬ 
tive homomorphism of R^{LG) into the KK-group KK{^Gti ^Gt) such that the fusion 
product corresponds to the Kasparov product, i.e., a ring homomorphism. The con¬ 
struction of the above spectral triples is based on the supersymmetric chiral conformal 
held theory (CFT) models associated to the loop group representations. Although the 
above construction naturally identihes the additive group underlying the fusion ring 
i?^(LG) with the K-groups K^{^Gi) and in order to give the interpretation 

of the fusion product as a Kasparov product we need to know a priori the product in 
i?^(LG), which enters our construction as an external input. Accordingly, we have to 
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rely on one of the existing definitions of the product in i?^(LG), e.g. the one coming 
from the theory of vertex operator algebras given in [52]. For this reason it is de¬ 
sirable to have an alternative dehnition of the fusion product which is more natural 
from an operator algebraic point of view. To this end, we give an interpretation of our 
construction in terms of conformal nets, which describes chiral CFTs in the operator 
algebraic approach to quantum held theory [IH], in the light of the noncommutative 
geometrization program for CFT recently developed in [13 HSl EH ESI ES]) cf. also 
[mils] for related work. Actually, this program was one of the initial motivations for 
this work. 

We obtain here for the hrst time examples for which this program can be carried 
out for all sectors of the corresponding conformal nets. This means that all irreducible 
sectors can be separated by JLO cocycles associated to spectral triples naturally arising 
from supersymmetry. By the results in Sect. 15.21 these examples include quite a large 
family of completely rational conformal nets. Moreover, the noncommutative geometric 
description of the representation theory of these conformal nets is directly related to the 
K-theoretic description recently given in [II1E2]- In order to interpret our construction 
this way we have to assume that the conformal net associated with the representation 
theory of L G at level ^ is completely rational and that the corresponding ring generated 
by the Doplicher-Haag-Roberts (DHR) endomorphisms is isomorphic to R^{LG). This 
assumption is known to be satished e.g. for G = SU(n) at any positive integer level, 
and it is widely expected to be true in general although this is still a very important 
open problem which goes far beyond the scope of this paper, see e.g. [57] Problem 3.32]. 
If the pair (G, ^) satishes this assumption then the ring isomorphism from i?^(L G) into 
KK{^Cey ^Gi) arises naturally from the fact that DHR endomorphisms of the net give 
rise to endomorphisms of the C*-algebra and hence to KK-classes in 

mm- 

A different K-theoretical description of the fusion ring R^(LG) has been given by 
Freed, Hopkins and Teleman (FHT) [SH |35l |36l |37]. In those papers the Verlinde 
fusion ring of L G at level i has been identihed with a twisted version of the equivariant 
topological K-theory group Kq{G), where G acts on itself by conjugation. The twisting 
is determined by the level Under this identihcation the fusion product corresponds 
to the convolution (Pontryagin) product on the twisted Kq{G) and the latter can be 
dehned without direct reference to the Verlinde fusion product in R^(LG) [33 Thm.l], 
see also [35] • Very interesting relations of this result with subfactor theory and modular 
invariants have been investigated by Evans and Gannon [SEIESIEQ]. 

Our results indirectly show the identihcation of the above twisted equivariant K- 
theory of G with the K-theory group Ko(Mg^) of the C*-algebra Mg^. Moreover there 
are various structural similarities between our approach and FHT. Our Dirac operators 
are essentially the same as those considered in [33 Sec. 11], see also [33- Iii our case 
the Dirac operators are used to construct spectral triples with algebra in order to 
obtain K-homology classes Iu the FHT case the Dirac operators are used to 

construct equivariant Dirac families which give rise to twisted equivariant K-classes. 

We believe it would be very interesting to exploit this relationship deeper and more 
explicitly in future. In particular we believe that a better understanding of this rela¬ 
tionship would shed more light on these K-theoretical approaches to the representation 
theory of loop groups and in particular to its deep mathematical relations with con¬ 
formal held theory. More generally, it could reveal new connections between twisted 
K-theory, non-commutative geometry and subfactor theory. Moreover it could shed 
some light on the relation of the FHT convolution product in equivariant twisted K- 
theory and the Kasparov product dehned in [HD]- From this point of view our analysis 
should not be seen as alternative to the FHT work but rather complementary to it. 
It should be pointed out that the FHT analysis goes beyond the case in which G is 
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a simply connected compact Lie groups and actually it also deals with non-connected 
compact Lie groups (in particular with finite groups) and twisted loop groups. On the 
other hand we give in this paper an abstract version of our construction, formulated in 
terms of rational conformal nets, which applies to many conformal field theory models 
besides the case of loop groups. In particular we can cover the case of loop groups 
associated to arbitrary connected compact Lie groups but also coset models, minimal 
models and the conformal net analogue of the Frenkel-Lepowsky-Meurman moonshine 
vertex operator algebra [39] constructed by Kawahigashi and Longo in [60] . We should 
also point out that the K-theoretical description of the DHR fusion ring in [Til 112] is 
very general since it works for all completely rational conformal nets. 

Our paper is organized as follows. We start off with a preliminary section on non- 
commutative geometry for nonunital algebras, which is difficult to find in literature in 
this form. 

The main Section El then deals with the construction of our noncommutative geo¬ 
metric objects: for a given connected simply connected compact simple Lie group G 
and hence for its corresponding loop group L G, we construct Dirac operators and a 
global differentiable algebra on which the Dirac operators act; they give rise to 
spectral triples, noncommutative Chern characters (also known as JLO cocycles) and 
index parings with K-theory classes corresponding to characteristic projections in 
The underlying idea in the construction is supersymmetry: tensoring the loop group by 
the (graded) CAR algebra, we turn given representations into graded representations; 
for the latter special representations, the so-called super-Sugawara (or Kac-Todorov) 
construction [56] guarantees supersymmetry and Dirac operators. The differentiable 
algebra comes out as a natural byproduct. Moreover, the universal coefficient 
theorem then identifies the fusion product as a Kasparov product at an abstract level. 

In Section 01 we discuss the CFT interpretation of the results in Section |2] in terms 
of conformal nets. After a quick introduction to conformal nets, we show that under 
natural assumptions, for G simply connected, the ring isomorphism of R^(LG) into 
KK{AGe,^Ge) can be interpreted in terms of DHR endomorphisms, a fact that merges 
nicely with the results in [HI |12l HH IT5] . 

In Section [5] we introduce the notion of superconformal tensor product for conformal 
nets that can be considered as a generalization of the super-Sugawara construction for 
loop groups models. We show that our previous analysis for loop groups L G with G 
simply connected, extends in a rather straightforward way to the case of completely 
rational conformal nets with superconformal tensor product. We then provide many 
examples of completely rational conformal nets admitting a superconformal tensor 
product as announced above. 

2. Entire cyclic cohomology for nonunital Banach algebras 

Let {A, II • II) be a Banach algebra. If A is nonunital, its unitization A is obtained by 
adjoining a unit 1^ to A, with multiplication defined by 

(oi -|- Hl^) • (a2 -|- ^ 2 !^) := CI 1 CI 2 + tia2 -|- ^ 2 ®! + ^^21^5 

and norm ||a-|-tl^||~ := ||a|| -|- |t|, for every G A. Then A C A is a closed ideal 

and A/A ~ C. If || ■ || was a C*-norm, one can construct a C*-norm on A equivalent 
to II • ||~, cf. [H 11.1.2]. However, we will not need this. Moreover, we shall drop 
the superscript of || • ||~ henceforth; analogously for subscripts of || ■ || indicating 
the algebra whenever they appear and confusion is unlikely. If tt : A —)■ is 

a representation, then it extends to a unital representation tt of A by 7r(a -|- tl^) := 
7r(a) -|- and we shall always work with this extension. 

For every r G N, let Mr(A) be the algebra of r x r matrices with entries in A. 
The maps x ha diag(a:, 0) define natural embeddings Mj.(A) —)■ Mj._|_i(A),r G N. Then 
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Moo(^) is defined as the corresponding indnctive limit, i.e., the algebra of inhnite- 
dimensional matrices with entries in A and all bnt hnitely many ones of them zero [3l 
5.1]. The algebras Mr{A),r G N, can be made into Banach algebras in many eqnivalent 
ways. One can choose the norms on M^{A) in snch a way that the embeddings are 
isometries. Here we £x any seqnence of such norms. It induces a norm on M^{A) 
which is accordingly made into a normed algebra, too. What follows in this paper does 
not depend on the particular choice of the norms. 

A is called stably-unital if Moo(^) has an approximate identity of idempotents; this 
is e.g. the case if A has an approximate identity of idempotents [3l 5.5]. 

Entire cyclic cohomology is usually studied in the setting of unital Banach algebras. 
A dehnition for nonunital ones using the cyclic cocomplex can be found in detail in 
[22l Sect.6]. The subsequent one following [65l Sect.2] is stated in the (6, i?)-bicomplex, 
which is more suitable in our setting since we want to apply it to the JLO cochain. The 
two dehnitions are equivalent according to [HSl Sect.2] together with [SZl Prop.4.2]. 

Definition 2.1. (i) Let A be a nonunital Banach algebra and, for any nonnegative 
integer n, let C^{A) be the vector space of reduced (n + l)-linear forms (pn on the 
unitalization A, i.e., such that 

■ 0o(1a) = 0, 

- 4>n{cio,cii, ■■■ydn) = 0 if Oj = 1^ for some 1 < i < n {simplicial normalization 

0 )- 

For integers n < 0 we set C^{A) := {0}. Let C*{A) := the space of 

sequences 0 = (0n)nGNo; with G C"'(A) and define the operators h : C*{A) — )■ C*{A) 
and B : C*(A) ^ C*(A) by 


n—1 

•••1 ®n) • ^ 1(®0) UjClj+l, ..., dn) 

j=0 

T ( 1) 0n— ■■■■} l); 

n 

(^B (p'^ ni^dQ ^ ..., dyPj . ^ ^ ( 1) dj^ ..., dy^^ Uq, ..., dj—\^^ Uq, . . . , dyy G A. 

j=0 


The linear map d : C*{A) —)■ C*{A) defined by 9 := b + B satisfies = 0 
and, with the coboundary operator 5, C'{A) becomes the cyclic cocomplex C*{A) = 
{C {A), C°{A)) over IjITL^ namely the elements of C®(A) = even 

cochains) are mapped into the elements of C°{A) = (the odd cochains) 

and vice versa. The elements 0 G C*{A) satisfying 50 = 0 are called the cyclic cocycles 
of A. 

(ii) A cochain 0 = (0n)nGNo ^ C*{A) is called entire if 


10n(®0) • • •) I ^ 



fool 


di G A, n G Nq. 


Letting CE*{A) be the entire elements in C*{A)^ one dehnes the entire cyclic cohomol¬ 
ogy {HE^{A), HE°{A)) of A as the cohomology of the cocomplex {{CE^{A), CE°(A)), d) 
The cohomology class of an entire cyclic cocycle 0 G CE*{A) nker(0) will be denoted 
by \<f\. 


We recall that in the case of unital A instead no unitalization is considered; C’^(A) 
stands then for the simplicially normalized (not necessarily reduced) cochains on A 
itself, and entire cyclic cohomology is defined accordingly m 

Definition 2.2. [31 Sect.5.5] Let A be a stably-unital Banach algebra. We denote by 
PMr{A) the set of idempotents in Mr(A), r G N U {cxo}. An equivalence relation on 



6 


SEBASTIANO CARPI AND ROBIN HILLIER 


FMoo(yl) is defined by p ~ g if there are x,y ^ Moo(^) such that p = xy, q = yx. 

There is a binary operation 

{Pl,P2) e PMr^{A) X PMr^iA) H-Pi©P 2 := diag(pi,P2) e PMr^+r 2 {A), 

which turns P Moo(yl) / ~ into an abelian semigroup. Then the Ko-group of A is dehned 

as 

Kq{A) := Grothendieck group of PMoo(v4)/ ~ . 

We write [p] for the element in Kq{A) induced by a projection p E A. 

Definition 2.3. A 9-summable even spectral triple is a triple {A, [71,9-1), D), where 

- A is an algebra; 

- F is a Hilbert space graded by a selfadjoint unitary T, and tt is a representation 
of A on PL commuting with T; 

- D is a self-adjoint operator with e“*^ trace-class for all f > 0, with TDT = —D, 
and with 7r(A) C dom((5£)), where 5d is the derivation on B[T-i) induced by D 
as explained below. 


Note that, according to the above dehnition, if A is nonunital then [A, (tt, PL), D) is 
a ^-summable even spectral triple if and only if [A, [tt,PL),D) is. Henceforth we shall 
deal with spectral triples in the case where A is a nonunital Banach algebra. 

Given a self-adjoint operator D on "H, one associates a derivation 6^ of B['H) as 
follows: dehne dom(5£)) as the algebra of x G B['H) such that 


xD C Dx — y 


for some y G B[PL), and 5d[x) := y in this case, cf. [3 Sect.3.2]. 

The JLO cochain r = (r„)„e 2 No of ^ spectral triple (A, (vr, PL), D) with A a nonunital 
Banach algebra is dehned as r \= f — ip, where 


rn(ao,... ,a„) = [ tr[r7r(ao)e 5D(vr(ai)) e . 

■ ■ • hoiTfian)) j dti ■■■dp 


I 0<tl<...<tn<l 


( 2 . 1 ) 


and 


(®05 • • ■) 


tro(l^) if n = 0, Oq G tl^ + A 
0 if n > 0, 


for every a-i E A and every n G Nq. Glearly, in restriction to entries in A, we have 

r U= ^ U- 

Notice that in the common context of unital algebras and spectral triples (e.g. in 
na ), r would be a simplicially normalized (but not reduced) cochain on A itself, 
namely the original JLO cochain from |53j . 

Now, let (A, [7i,PL),D) be a 6*-summable even spectral triple with grading operator 
T. Let PL± = ker(r © 1 _b(w)) so that we have the decomposition PL = PL+ ®PL-. If T is 
a densely dehned operator on PL which is odd, i.e., such that TTT = —T, then we can 
write 


T 


0 T_ \ 
T+ 0 ) 


with operators T± from (a dense subspace of) PL± to PL^. Accordingly, if (A, (tt, PL), D) 
is a 0-summable even spectral triple then for the selfadjoint D we can write 


B = 



D_ 

0 
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with D- 
write 


D\. On the other hand, if T is even, i.e., it commutes with F, then we can 


T 


T+ 0 \ 

0 T_ ’ 


with operators T± from (a dense subspace of) to 'H±. 

For any positive integer r we denote by vr^ the representation of Mr(y4) on Tir := 
C*" ® "H dehned by 7ir{m ® a) := m ® 7r(a), m G Mr(C), a E A. Moreover, for every 
operator T on "H we consider the operator T,, := 1 0 T on 'Hr- Then, for every r G M, 
(Mr(A), (TiryHr), Dr) is a 6*-summable even spectral triple which is even with grading 
operator F^. For an n-linear form (pn-i '■ A®'^ -E C, we introduce the n-linear form 
on (M,(C) 0 i)®” = as 

0^_i(mo 0 ao, 0 an) := tr(mo...m„)0„_i(ao, ....,an) 


and linear extension. 

The following fundamental theorem is an adaptation to the present nonunital setting 
of the corresponding unital setting, cf. e.g. 


Theorem 2.4. Let {A, {7 t,H), D) be a 9-summable even spectral triple such that A 
is a nonunital Banach algebra and the representation n of A in the Banach algebra 
(dom((5£)), II • II + II^d(-) 115(77)) continuous. 

(i) The cochain (r„)„g 2 No entire cyclic cocycle on A. We call it the JLO 

cocycle or Chern character of {A, {7i,H), D). 

(ii) The values of the maps {(j),p) G {CE’^{A) f\'kei{d)) x PMr{A) i-A 0(p) G C, 
r G N, where 


0(P) := ¥o{p) 


OO 


k=l 


-1)' 


.{2k)\ 

TT' 


4((P- 2 )’^’-’^)’ 


only depend on the cohomology class [0] of the entire cyclic cocycle 0 and on 
the Kq{A)- class [p] of the idempotent p and are additive on the latter. If A 
is stably-unital, this gives rise to a pairing ([0], [p]) := 4>{p) between the even 
entire cyclic cohomology HE^{A) and K-theory Kq{A). Moreover, the operator 
7Tr{p)-Dr+7ir{p)+ from 7ir{p)+Hr+ to 7ir{p)-Hr- is o Frcdholm Operator and for 
the even JLO cocycle r we have 

^(p) = (H> [p]) = ind^.(p)+77.+ {Mp)-Dr+7^r{p) + ) ^ 


Proof. For unital algebras and spectral triples this theorem is well-known, namely 
the JLO cochain f is an even entire cyclic cocycle on the unital algebra A [201 031 [S3]. 
The same is true for as is easily verihed. r = f — is again an entire cyclic cocycle 
of A because both f and are so. Evenness is obvious, i.e., = 0 if n G Mq is odd. 

For every n G Nq, is reduced, i.e., ro(l^) = 0 and r„(ao, Oi,..., a„) = 0 if a* = for 
some 1 < f < n. Thus r is an even entire cyclic cocycle of A, proving (i). 

Part (ii) becomes clear, too, by considering hrst all the statements and the well- 
known pairing between entire cyclic cohomology and K-theory (cf. e.g. [IHl ESI ESI HSl 
[15]) for the unital algebra A, namely: r pairs with Ko{A) as 


r{p) ■= rfrp) + 5^(-l) 


fc=i 




if p G Mj,(A) represents a class in Kq{A), and r(pi) = r(p 2 ) for projections pi,P 2 G 
Moo( 2 l) if Pi and p 2 belong to the same class in Kq{A). Finally, if A is stably-unital, 
then Kq{A) is dehned according to Dehnition l2.2l nsing equivalence classes of projections 
in Moo( 2 l); if moreover pi,p 2 G Moo(^) C Moo(7l) and give rise to the same class in 
Kq{A) then according to [31 5.5.2] they have the same class in Kq{A), so r(pi) = 'r(p 2 ) 





SEBASTIANO CARPI AND ROBIN HILLIER 


according to the previous step. Thus the pairing of r with Kq{A) restricts to a pairing 
with Kq{A). The Fredholm property and the hnal formula follow directly from the 
unital case by restriction. □ 


3. JLO COCYCLE AND AN INDEX PAIRING FOR LOOP GROUPS 

Let G be a connected simply connected compact simple Lie group and denote its Lie 
algebra by 0 and its dimension by d G M, and let LG := G°°(S'^, G) the corresponding 
loop group. It is an inhnite-dimensional Lie group, with Lie algebra the loop algebra 
Lg ;= G°°(S'^,g). We denote by Lgc the complexihcation of Lg. The Lie subalgebra 
gc C L gc consisting of elements with hnite Fourier series admits a nontrivial central 
extension gc called the affine Kac-Moody algebra associated with g, see gH El [72]. 
We shall denote the corresponding distinguished central element by Cg. 

We would like to consider positive-energy representations of L G from the point of 
view of noncommutative geometry. A strongly continuous projective unitary represen¬ 
tation A : LG —)■ 17(7fA)/U(l) on a Hilbert space T-Lx is of positive energy if there is a 
strongly continuous one-parameter group : M —)■ t/ ("Ha) whose self-adjoint generator 
Lg (the conformal Hamiltonian) has non-negative spectrum and such that 

U>'m{g)U^{tr = X(g,), geLG, (3.1) 

where gt is dehned by gt{z) := g{e~^^z), z ^ S^. Eq. fl3.ip should be understood in the 
projective sense so that if for every G LG, X{g) G UifHx) denotes a given choice of a 
representative of \{g) G UifHx) j \]{1) then 

U\t)\{g)U\tr = x{g. mgt), (7 G L G, (3.2) 

with x{gA) ^ U(l). Note that 

X((7, 271)1^, = U\2ffi\{g)U\2T:r\{gr (3.3) 

so that g i—)■ x(fi')27r) is a continuous character of LG and hence x((7,27r) = 1 for 
all (7 G LG because LG is a perfect group [H 3.4.1]. Hence, if A is irreducible, 
then is a multiple of the identity and hence t i—)■ U^{t) factors to a 

representation of Rot(S'^), the group of rotations of S^. 

If 71 is an irreducible unitary highest weight representation of gc, cf. [M], then it 
exponentiates to an irreducible projective unitary positive-energy representation A^^ of 
L G in Thm.6.7], [78l Thm.6.1.2]. Moreover, there is a canonical choice of the positive 
operator Lq'". The value ^ := vr(cg) G N is called the level of the representation Xt,. 
In this paper we shall always deal with direct sums of such representations A^r at hxed 
level. It has been shown by A. Wassermann that these are exactly the irreducible 
strongly continuous projective unitary positive-energy representations A of LG such 
that the unitary one-parameter group implementing the rotations action on L G 
is diagonalizable with hnite-dimensional eigenspaces, see m Thm. 4.1]. Equivalently 
they are the irreducible smooth strongly continuous projective unitary positive-energy 
representations of L G m Sec. 9.3]. Any of these representations determines a central 
extension of LG by U(l) [79] and the equivalence class of the corresponding circle 
bundle on L G only depends on the level ua. Accordingly, the representations of hxed 
level i correspond to the representations determining the associated central extension. 

The Verlinde fusion ring is the ring of formal differences (Grothendieck 

ring) associated with the semiring of equivalence classes of hnite direct sums of such 
representations X-„ at level i [8T1 [SS] [36l 137] [27] . The product is the so called fusion 
product. For any £, there are only hnitely many (say N) equivalence classes of irre¬ 
ducible unitary highest weight level I representations of gc. They are all described 
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and classified in and the corresponding loop group representations are discussed 
in [TH Sect.9], cf. also [TSl Sect. 6 ]. 

Given now a fixed level let (Aj, "HaJ, with i = 0,..., N — 1, denote an arbitrary- 
fixed maximal family of mutually inequivalent irreducible representations as above at 
level i, with Aq the vacuum representation, i.e., the representation corresponding to 
integral highest weight 0. Then every element in R^{LG) can be written as 

N-l 

^mjAj], niieZ. (3.4) 

i=0 

The fusion product is determined by the Verlinde fusion rule coefficients G Nq such 
that 

N-l 

|a.|'IVI = EY?1V|, 

k=0 

for alH, j = 0,..., iV — 1. 

For every i = 0,..., N — 1, one can consider the conjugate representation A^ of Aj, 
which is uniquely determined by the condition 

= J = 0,...,N-1. (3.5) 

The fusion rule coefficients also satisfy the identities 

V?=y"; (3.6) 

and 

Mi.. (3.7) 

Now, let (Ared,‘Hred) denote the direct sum of all {\i,'Hxf). By construction, ev¬ 
ery representation in consideration is unitary equivalent to a subrepresentation of a 
suitable multiple of Ared- We call Ared the reduced universal representation or simply 
reduced representation. We now define two C*-algebras associated with the level i 
representations of L G: the reduced universal algebra 

N-l 

Bg, :=A,ed(LG)"^05(7{Aj 

i=0 

and the compact universal algebra 

'■= nfF('Hred)- 

We write for the (unique normal) representation of Bg^ such that \i = 'Kx^ o Ared, 
and continue to use the same symbol for its restriction to 

Given the Hilbert space /C := L^(S'^,C^'^) with complex conjugation operator 7 , the 
corresponding self-dual CAR algebra GAR(/C, 7 ) ([1], sometimes also called algebra of 
2d free fermionic fields) is the unital graded G*-algebra generated by odd F{f), for 
/ e /C, such that [F{f),F{g)]+ = {f,g)l and F{f)* = ^( 7 /) = F{f). It has so- 
called Ramond and Neveu-Schwarz irreducible representations, and we are interested 
in the former one {'n’RyRTTR), which is graded by a selfadjoint unitary Tj^^ because 
the dimension 2d is even. The rotation group acts naturally on GAR(/C), and its 
inhnitesimal generator (also called conformal Hamiltonian) in the representation 
71R has positive discrete spectrum. The smallest eigenvalue of Lq^ is given by := d/S, 
and the corresponding eigenspace has dimension 2'^. We write Rt,u,o,+ the even part 
of this eigenspace with respect to Tj^^, which has dimension 2'^“^. Let henceforth cr 
be the projection onto an arbitrary but fixed one-dimensional subspace of For 

a more expanded summary about the GAR algebra and Ramond representations with 
the present notation, we refer to 113 Sect. 6 ] and for details and proofs to ITIE] together 
with UHl Sect.5.3]. 
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For any i G {0,..., iV — 1} we fix a lowest energy unit vector and denote 

by the orthogonal projection onto Cf^A^. Now, for every representation (A*, T^aJ of 

LG, we define the degenerate representation tta- : —)■ B{'Hxi) the Hilbert space 

'Hxi ■.= 'Hxi® 'Hao ® by 


Ti\i{x) := ® Cr, x G Bg^ • 


(3.8) 


This way, i-Lx^ is graded by a grading operator f a^ := lAi ® Iaq ® hTr^j and tta. is even, 
i.e., commutes with Ad Fa.. On 'Hxi we can dehne the total conformal Hamiltonian 


-^0 •— -^0 


Ai 






+ 


T Ao 
-^0 


® ® 1-Kao 


L^. 


It satishes 




{'^Xiix) ® goAn ® en ) e = ( e‘^o‘7rA,(x)e 






® goA, 




(3.9) 

(3.10) 


so that it generates the rotation action in the representation tta.. 

The following proposition shows that tta- can be considered as a “supersymmetric 
representation”, cf. [T5l[T6] . 


Proposition 3.1. For i = 0,... ,A^ — 1, there is an odd selfadjoint operator Dxi on 
iixi such that D\, = Lq' — ^1-^^ with c = 2(| + j^py), where h® is the dual Coxeter 
number o/flc- Furthermore, the spectrum of Dx^ does not contain 0. 


Proof. For the proof we will need a couple of background facts. For complete details 
we refer to [TS] together with m Ch.9] and |SH ES]- The notation used here has been 
introduced and explained in [151 Sect. 6 ]. 

By construction, the positive-energy representation A* of L G at level ^ comes from 
a representation of the affine Kac-Moody algebra 0 c on (the dense subspace of hnite 
energy vectors of) Fixi by integration, denoted again by A*. Let us consider the repre¬ 
sentation 

Aj := Aj ( 8 ) Aq < 8 ) vT/j : gc © 0 c ® CAR(/C, 7 ) —)■ BifHxf)- 

Its generators are given by even := ® Iaq ® Ijr^ for a = 1,..., d, := 

Ixi ® © Itta for a = d + 1 ,..., 2 d, and odd := Ia^ © Iaq © with 

a = 1,..., 2d and n G Z (we shall henceforth drop the “©1” if confusion is unlikely), 
and they satisfy the (anti-) commutation relations 

2d 

^ + 6m+n,0^a,bmilp^^^ , 

c=l 

I©*.©''-] =«■ 

Here fabc are the structure constants of gc © 0 c with respect to a hxed orthonormal 
basis {ea)a=i,...,d of the Lie algebra 0 c © 0 and {ea)a=d+i,..., 2 d of 0 © gc satisfying the 
orthonormality condition with respect to the normalized Killing form 

tr (Ad(ea) Ad(eb)) = day a, 6 = 1 ,..., 2 d, 

where h'^ is the dual Coxeter number of gc. Notice that fabc = 0 if one of a, b, c lies in 
{1,..., d} and another one in {d + 1,..., 2d}. Moreover, we dehne 

2d 

jla,ki ._ _\ ^ \ ^ r Tpb,ki TpC,lXi 

* 2 / ^ / V J abc-^ m n—mi 

mGZ b,c=l 
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which has the commutation relations 

2d 


C=1 

2d 


r jia,Ai TTifejAil _ \ ^ ; -f T^c,Ai 

Wm \ — / Maherm+n- 


c=l 


Then the even operators and odd with n E Z, defined through the super- 
Sugawara construction [56] (cf. also [151 Sect. 6 ], [55l Sect. 5.9] and [871 Sect. III.13] ) 
as 


1 _ / 1 

\ ^ \ ^ ( 70,Ai _ j'a.,Ai 1 pciAi 

a=l m£L ^ 


2d 


At -E 




E . ja,Ai ja,Ai ._. pa,Ai jpa 

• ^n—m * / j m n- 


A* 

—m 


m£Z 


mGZ 


-c 

s' 




(3.11) 

(where : : stands for the normally ordered product) satisfy the Ramond super-Virasoro 
algebra (anti-) commutation relations 


[^mS =("i - ^)^m+n + “ m)6m+n,o'i-n^,, 

[Lt:,Gt] =[j-n^Gti+n, (3.12) 

K;. Gt]+ + ^{rn^ - i)^„+„,ol«,, 

with central charge c = 2(| -|- j^) [56l (5.8)]. Moreover, Lq* = Lg* so that choosing 
Ha; := Gq" proves the main part of our proposition. 

Concerning the spectrum of Dxi, we see from Eq. fl3.9p that Lg* is bounded below 
by hfl = |. Hence, we find 




24 





i 

12{i + h'^) 



> 0 , 


as i and are positive. 


□ 


As in the preceding proof, we denote the infinitesimal generator of rotations in the 
representation tta; by Lg' = Lg*; it coincides then with D^, up to an additive constant. 
It should be clear from the proof that the reason for constructing tta; as in fl3.8p is that 
for the super-Sugawara construction, we need the number of fermionic fields to coincide 
with the dimension of the underlying Lie algebra, and in order for tta; to be graded, we 
need this dimension to be even. That is why we included an auxiliary copy of gc- The 
representations of gc we are actually interested are Aj, while A* are the corresponding 
ones of gc © gc ® CAR(/C, 7 ) needed for the super-Sugawara construction. 

Proposition 3.2. Let Tr^ed := and d^ed ■= where ■= 

0 ^0^-^Ai- Define the compact differentiable subalgebra ofBci as 

^ • ^red(^) ^ cloLn((5j.gd), ^red(^red(^)) ^ 7i"('Rj-ed)}• 

The norm 

Iklll = ll^ll + ll^red(7fred(a:))||B(^^^^), T G 
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is well-defined and turns into a Banach algebra, so that the maps —>■ 

(dom((5D;,.), II • \\b(h>,.) + II II i = 0 ,..- 1, are continuous. 

Proof. II ■ 111 is clearly a norm and well-defined on dj.gj(dom((5red)) and turns it into 
a Banach algebra. Moreover, || • ||) is a Banach algebra. As || • ||i is finer than 

II • II, we see that the intersection ^Ci id ^red('^o™(^red)) is a Banach algebra, too, w.r.t. 
II • 111. The fact that (A'('Hi.ed), || ■ Wsin complete shows then that (.^q, || • ||i) is 
a Banach algebra. □ 


Proposition 3.3. The Banach algebra is stably-unital, and its finite-rank elements 
are dense. 

Proof. We shall construct an approximate identity (e„)„gj^ of finite-rank projections 
in Once this is done, then given any x E we see that is finite-rank and 
converges to x, proving also the second statement. 

To start with, notice that Tq“ has positive discrete spectrum with 

every eigenvalue of finite multiplicity [721 (9.3.4)]. The same holds for Lq^ and hence 
for 

v-i 

r ^red_r 

-^0 •“ tX 7 -^0 

i=0 

= ® ® ® ^ 0 ° ® ® ® ^ 0 ^' 

For every n G N, let e„ denote the spectral projection of corresponding to the 
eigenvalues less than n. It is a finite rank projection in ^Cr Similarly, let e„ G BiTL^ed) 
denote the spectral projection of Lg"®'^ corresponding to the eigenvalues less than 
Then is a finite rank projections commuting with Dred and hence D^-edGn is bounded 
with domain ITred- In particular e„ G dom(5red) and hred(en) = 0. 

Moreover, 7rred(en) = (Iwred ® ® ^R)^n is a subprojection of e^, and for every 

X G we have nj-efionx) = CnTt^edix). It follows that Tiredien) is compact and 

in dom(hi.ed), with hred(^red(en)) compact again so that e„ G In general, we 

furthermore have 7ri.ed(-^G£) -^(^red)- Recalling that hred(en) = 0 we have, for every 

X G 

IlCfiX 3^||l ||Cn3^ 3^11 T II<^red(Cnfi'red(2^)) *^red(flred(2^)) 

||e^X x|| -(- ||eri*5red(d^red(^)) *^i'ed(d^red(^)) 

Now, e„ —)■ In^ed e„ —)■ 1 .^ ^ as n —)■ oo, in the strong topology. As a con¬ 
sequence, (e„)„gN is an approximate identity for Kci and (en)nGN for Klfid^-ed)- As 
<^red(ilred(a^)) ^ -R(’Hred) by assumptiou, the right hand side goes to zero. Thus (e„)„gN 
is an approximate identity for □ 


Definition 3.4. For every i = 0,..., A^ — 1, the lowest energy projection p\. of A* is 
defined to be the unique minimal projection in B>q^ such that T^\fip\fi) = qn^. 

We recall that a subalgebra A of a Banach algebra B is said to be closed under 
holomorphic functional calculus if for every x E A and every function / which is defined 
and holomorphic on a neighborhood of the spectrum cr(x) of x in the unitization B, 
the element f{x)EB lies in A, cf. [201 S.App.Cj. For this it is sufficient to show that 
{x — G A, for every /x ^ cr^x), owing to the Cauchy integral formula. 
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Proposition 3.5. The following holds: 

(i) pxi G every i = 0,..., N — 1, determining a class [pxf\ G 


fiiil 


■ 11 - 


C ^G^ is closed under holomorphic functional calculus and = ^Gi ■ 

A'„(i5^,) = IU(Ro,] = Z» 


Proof, (i) We see from the proof of Proposition 13.31 that the spectral projections e„ 
defined there are such that DredTred(en) is bounded with domain Tired for every positive 
integer n. As a consequence, for every x G Bg^, %reA{enXen) is in the domain of hred 
and 5red{T:red{enXen)) has hnite rank so that CnXCn G For n sufficiently large we 
have that pXi = enPxTn, thus pXi & ^he- 

(ii) Given x G and p ^ er(x), where the spectrum is w.r.t. the C*-algebra Mg^, 
we have to show that (x — pl)~^ G To this end, notice that (x — pl)~^ G ^Ge G 
7r“^(dom(hred)) because both ^Ge ^md 7r“^(dom(5i.ed)) are closed under holomorphic 
functional calculus, cf. [71 Prop.3.2.29] for the second case, while for this is clear 
since it is a Banach algebra w.r.t. || • ||. Moreover, the latter reference shows 

<5red (fired(( 2 ^ /ll) )) <^red ((fired( t) /ll) ) 

(fired(^) /I'l) *^red(fired(^)) (fired(^) fll) 

which is compact because (5red(fired(a;)) is compact. Hence, (x — pl)~^ G 
To see that is a norm dense subalgebra of Rg^ h is enough to note that 

lim ||e„xen — x|| =0 

n^oo 

for every x G Agc 

(in) follows immediately from (ii) together with [201 3.App.C] or [3l 5.1.2]. □ 


Theorem 3.6. For every i = 0,. .., N — 1, {^g^, rcxi, forms an even 6-summable 
spectral triple with nonunital It gives rise to the even JLO entire cyclic cocycle 
Tx^ G The JLO cocycle r^. pairs with Ko^^Gt) CLnd 

TXiipXj) = ([taJ, \pxf\) = dij, i,j = 0,...,N-1. (3.13) 

Proof. It is clear that Txi is a representation of with image in dom((5£),^ ) - in fact, 
in the even part of dom((5£)^ ) because < 8 ) 67 ? is even and B{'Hxi)®^Hxg®'^nTyj^ 

is even. As explained in [T51 Sect.6] (cf. also [101 III.7.(iv)] using the character formulae 
in m Sect. 10 ]), both e and e on TLxi and respectively, are trace-class, 

thus e“*^o on Tixi, for every f > 0, and we have an even 0-summable spectral triple. It 
induces an even JLO cocycle, which pairs with according to Theorem I2.4l uj 

and Proposition 13. hf iBfcfiiil. The actual values can be computed as follows: according 
to Definition 13.41 Tx^ipxf) = 0 if f 7 ^ j, and 

P ■= ® ( 3 - 14 ) 

which yields pDxiP = 0, dim{p'Hxi,+) = 1 and dim^pTixi,-) = 0, so 

w(paJ = ([ry], [pXi]) = indp^^^ ^{pDx,p) = 1-0 = 1. 

□ 


We would like to look at this pairing from the point of view of Kasparov’s KK-theory, 
for which we are now providing a few preliminaries based on the summary in m- A 
thorough introduction with proofs can be found in [SI Ch.l7&18]. 
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Given two stably-unital separable C*-algebras A,B, a Kasparov {A, B)-module is 
a tuple {£,(j),F), where is a countably generated Z 2 -graded Hilbert H-module, 0 : 
A ^ B{£) is a graded *-honioniorphisni, and F G B{£) has degree one, such that 

(F-F*)0(a), (F2-l)0(a), [F, 0(a)] (3.15) 


lie all in the compact operators K(£) (the norm closure of hnite-rank operators) on £, 
for all a E A. With a suitable concept of homotopy, one dehnes KK{A, B) as the set 
of homotopy equivalence classes of Kasparov (H, H)-modules. E.g. for every unitary 
u G B{£) of degree zero, (£^,Ad(M) o0, Ad(M)(F)) is again a Kasparov (A, H)-module, 
which is homotopy equivalent to {£, 0, F), and therefore the two give rise to the same 
element in KK{A, B). We write Ka for the standard right Hilbert A-module A®/^(Z) 
and Ka for the corresponding Z/2-graded one Ka © Ka with grading 1 © — 1 . 

For our immediate purposes here and in the following section, the most relevant facts 
about KK-theory can be summarized as follows, with A, B, C stably-unital separable 
C*-algebras: 

(1) There is a direct sum for Kasparov (A, F)-modules, which passes to the quotient 
KK{A,B) and turns KK{A,B) into an abelian group. 

(2) There is a canonical identihcation of KK{C, A) with the K-theory group Fo(A) 
(as additive groups). Similarly, there is a canonical identihcation of KK{A,C) 
with the K-ho mo logy group F°(A). 

This identihcation works as follows for Fo(A): 


[P+] - [P-] e Fo(A) ^ 


'Ha, (t>p+ 



G FF(C,A), 


as any element in Kq{A) may be written as a formal diherence [p+] — [p_], with 
(not unique) p+,P- E A® 1C, and 0p : f G C i—)■ fp G A ® /C, for any projection 
p E A® K,. Owing to this identihcation, we may consider [p] as an element of 
KK{C, A), for every p G A ® F, cf. [HI 17.5-17.6] 

On the other hand, F°(A) is by dehnition the group generated by homotopy 
classes of even Fredholm modules on a standard Z 2 -graded separable Hilbert 
space 77, i.e., classes (77, 0, F) with 0 : A —)■ F(77) a graded *-homomorphism 
and F a unitary selfadjoint operator on B{'H) of degree 1 such that the graded 
commutator satishes [F, 0(a)](+) G K{'H), for all a E A, cf. [201 P-294]. Thus 
F°(A) coincides with KK{A,C). 

(3) Every *-homomorphism (f) ■. A ^ B naturally dehnes a KK{A, F)-element {0} 
as the homotopy class of (F,0, 0), where we have identihed B{B) with the 
multiplier algebra M.{B) of B. {0} depends only on the unitary-equivalence 
class in M.{B), cf. [HI 17.1-17.2]. 

(4) There exists a well-dehned bilinear map x, the so-called Kasparov product 


KK{A,B) X KK{B,C) -E KK{A,C), 

which is associative. It is in general complicated to dehne and we refer to [HI 
Ch.18], but for the following special cases we provide formulae. 

(5) Suppose A, B,C are trivially graded and given two classes of Kasparov modules 


77_b, 0 © 0 , 



G KK{A,B), 


iic, 0 © 0 , 



G KK{B,C), 


whith 0 a *-homomorphism from A to F © /C and 0 is a *-homomorphism from 
F to G © /C; the latter extends to F © /C, denoted again by 0. As explained in 
[HI Ex.l8.4.2(c)], the Kasparov product of the two is then given by the element 


77_B, 0 © 0, 



X 


77c, 0 © 0, 



77c,0o0©O, 
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in KK{A,C). 

(6) If 'ip : A ^ B and (p \ B ^ C are *-honioniorphisnis then 

{'0} X {0} = {0° V’}- (3.16) 

If id/i is the identity automorphism of A then {id^} is the neutral element in 
KK{A,A) for the Kasparov product. Hence KK{A,A) is a unital ring, cf. [21 
18.7.1], 


The Kasparov product KK{C,A) x KK{A,C) —)■ KK{C,C) ~ Z gives rise to 
an index pairing between Kq{A) = KK{C,A) and K^{A) = KK{A,C) and to a 
corresponding map 7a : K^{A) —)■ Hom(K’o(^); ^) • Moreover, the Kasparov product 
KK{C,A) X KK{A,A) KK{C,A) = Ko(A) gives rise to a map jb ■ KK{A,A) 
End(K’o(^)). Similarly, the Kasparov product H) X 7777 ( 74 , C) KK{A,C) = 

K^{A) gives rise to a map 7 c : KK{A,A) —)■ End(77°(74)). 

The C*-algebra lies in the so called bootstrap class [H V.1.5.4]. Hence we can ap¬ 
ply the universal coefficient theorem [H V.1.5.8] which implies that 7 ^ : KK^Ag^, t 

End(77o(.^Gj) is an isomorphism (because Extg(Z'^, Z'^) = 0) and hence, using Propo¬ 
sition |23](iii), KK{Ag^,Ag^) ~ End(77o(.ftG£)) — End(Z^). It also implies that 
7 a : K^{AGf) —)■ Hom(77o(.^Gj5 is an isomorphism so that K^{Ag^) ~ Z^. It 
follows that 7c : KK{A.Gi, ^Ge) End(77 °(.^g^)) is an isomorphism too so that 
/777(i4G„i^Gj - End(77°(i4Gj) ^ End(Z^). 

For any i = 0,..., A^—1, one associates to the 6*-summable spectral triple {^gg 
determining the Fredholm module {'Hx^,^tx^,sgnDxi). Here sguTl^; = TIaJTIaJ”^ is 
the signature of Dx. (recall that 0 is not in the spectrum of Dx^ according to Proposi¬ 
tion [2II]). It gives rise to the same index map as TIa^, cf. [221 Sect. IV.8.5]. We write 
EXi '■= [T^Ai, tta., sgn 71 aJ G K^{Agi) corresponding K-homoIogy class. The 

following proposition is included for the sake of completeness and to make things as 
explicit as possible for our setting. 

Proposition 3.7. The classes SXi and [paJ, with i = 0,..., N — 1, generate 77°(.^gJ 
and Ko{A.Gf,), respectively. For every i, j = 1,..., N, we have 


[PaJ X Ex^ = TXi(px^) = Sij. (3.17) 

In other words, the pairing of the JLO cocycle with Kq^Agi) given by the Kasparov 
product between the corresponding K-homology class and Kq^Agi)- 

Proof. The fact that F := sgnDxi has degree 1 with = 1 and F* = F = F~^ 

f 0 W*\ 

and that ftxi has support in 'Hxi,+ implies that we may write F = I ^ ^ j with a 

certain unitary W. Then 








f 0 iy*\ 
\^iy 0 y) 


r* (w%,,A-)w' oA (0 i\i 

. ^‘7 0 opp oA’ 


where the last equality is a consequence of unitary equivalence via the unitary 

BiUx,). 


W 0 

0 1 


G 
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Now the Kasparov product of this element with \px.] can be calculated using property 
(5) above, as the involved algebras C and are trivially graded. Thus 




0 1 
1 0 


X 




^i,j ”^5 'PwpW* ® 0) f j g 


as product KK{C, x —)■ KK{C,C). Here we used the identihcation 

of i-Lxi with the standard Z 2 -graded Hilbert space and Hilbert C-module "H and the 
dehnition of pxi and ^Xi,+ in the last line, where p is as in fl3.14p . Now p and hence 


WpW* are rank one projections and therefore 


H, 0vPpiv*®O, 


0 1 
1 0 


is the generator 


of KK{C, C) ~ Z. Thus 





n 




H^7r,,,+(-)lH*©0, 





As A'o(-^gJ — and K^(Mg^) ~ Z”, we therefore see that the elements [px ] and ex^, 
with i,j = 0,..., N — 1, generate A'o(-^gJ and K^{^Ge) respectively. Together with 
Theorem 13.61 we get 

[PaJ X = TxAPXj)- 


□ 


Since [paJ and exi, with i = 0,..., N—1, generate Kq^^g^) and K^{^Gi), respectively, 
the maps [A*] i—)■ [paJ and [A*] eXi, i = 0,N — 1, give rise to (surjective) group 
isomorphisms 

cl)_, : R\LG) ^ Koi^Ge) 

and 

4)1 : R\LG) ^ K\^g^)- 

Now the regular representation of R^(LG) together with the map 0i induces an 
injective ring homomorphism of R^{LG) into End(A'°(.^Gi)) and hence an injective 
ring homomorphism 


4)o-.R\I^G)^KK{^g,:^g,) 

determined by the condition 

A-l 

0o([Ai]) X sa, = i,j e {0, ...,iV-1 } (3.18) 

A:=0 

Then, using Eqs. fl3.5p . fl3.6p . fl3.7p and fl3.17p . it is straightforward to see that 

A-l 

[Pa.] X 0o([Ai]) = [PaJ i,j e {0, ...,Ar-1 }. (3.19) 

k=0 


N-1 

X = e R^{LG) 

i=0 


For 
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we define x e -R^(L G) by 

N-l 

X = ^mi[Xj\. 

1=0 

Using this notation we see that for x,y E R^{LG) we have 

(j)o{x) X (j)i{y) = (j)i{xy), (j)-i{y) x (j)o{x) = (j)-i{xy). 

We resume the above discussion in the following theorem. 

Theorem 3.8. There exist necessarily unique group isomorphisms 

R\LG) ^ Ko{Kg,) 
cl)i : R\LG) ^ K^^Ge) 

such that 0_i([Ai]) = [paJ and 0i([Ai]) = exi, i = 0,..., iV - 
a unique ring homomorphism 

ct>,-.R^{TG)^KK{^^,^^) 

such that 4 >q{x) x 4’i{y) = ((>i{xy) for all x,y E R^{LG). (fo 
((>-i{y) X (fo^x) = (f-iixy) for all x,y E R^{LG). Moreover, 

0-i([Afc]) X 0o([Ai]) X 0i([Aj]) = J^tj 
for all i,j,kE {0,..., — 1 }. 

Remark 3.9. The maps 0i and 0_i can be recovered from 0o through the identities 
4>i{x) = (poix) X Sxo, 4>-i{x) = [pxo] X (j)o{x), xeR\LG). (3.20) 
4. DHR EUSION RING AND CONEORMAL NETS 

Conformal nets describe chiral conformal CFTs in the operator algebraic approach 
to quantum held theory [IH] • They can be considered as a functional analytic analogue 
of vertex algebras [311 [ 33 ] , see mi. 

Let X denote the set of nondense nonempty open intervals in and Diff(S'^) the 
inhnite-dimensional Lie group of orientation-preserving smooth diffeomorphisms of 
[ZI]. Diff(^i) contains the group of Mobius transformations of which is isomorphic 
to PSL(2,M). Accordingly we will consider PSL(2,M) as a (Lie) subgroup of Diff(S'^). 

For / G X we denote by I' the interior of the complement of I, which lies again in 
X. A local conformal net A over (cf. [HI SH]) consists of a family of von Neumann 
algebras acting on a common separable Hilbert space R together with a 

given strongly continuous unitary representation U of PSL(2,M) on R satisfying 

• isotony: A{Ii) C A^R) if h C R, for h,R E X; 

• locality, elements of A{R) commute with those of A{R) whenever A n J 2 = 0; 

• covariance: URi)A{I)URi)* = ARiR for all 7 G PSL(2,M) and I eX] 

• positivity of the energy: the conformal Hamiltonian Lq, dehned by the equation 
U{Ra) = e^“'^° (Va G M), is positive, where {Ra)am. X PSL(2,M) stands for the 
rotation subgroup; 

• existence, uniqueness and cyclicity of the vacuum: up to phase there exists a 
unique unit vector fl eR called the “vacuum vector” which is invariant under 
the action of U; moreover, it is cyclic for the von Neumann algebra \/j^j-A{I)] 

• diffeomorphism covariance: U extends (uniquely) to a strongly continuous pro¬ 
jective unitary representation of Diff(S'^) denoted again by U and satisfying 

A(7)Xl(/)t/(7)* = Xl(7/), 

7 [/= id/ ^ Ad(t/( 7 )) t^(/)= id^(i), 
for all 7 G Diff(S'^) and / G X. 


1. Moreover there exists 


is injective and satisfies 
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There are many known important consequences of the above dehnition, cf. [H] and 
references therein for a collection with proofs. We shall need the following three: 
A{iy = for every J G X {Haag duality), and \/j^j-A{I) = B{'H) {irreducihility), 

A{I) is a factor, for every J G X {factoriality). 

A conformal net is said to have the split property if for any inclusion J_ C /+, there 
is a type I factor F such that A{I-) C F C A{I+). By [211 Thm. 3.2] if a conformal 
net A satishes the trace class condition, i.e. if Tr(g^°) < +oo for all q G (0,1) then A 
also satishes the split property. 

A representation of ^ is a family tt = (7r/)/ei of (unital) *-representations tt/ of 
A{I) on a common Hilbert space Hn such that fA(/i)= whenever A C A. The 
representation tt is called locally normal if tt/ is normal for every J G X; this is always 
the case if Ht, is separable. 

A locally normal representation tt of the conformal net A is always (Mobius) covari¬ 
ant with positive energy in the sense that there exists a unique strongly continuous 
unitary representation tA of the universal covering PSL(2, such that 

UMT^i{a)UM* = T^AU{g)aU{g)*), g G PSL(2,M)(“) a G A{I), (4.1) 

where g is the image of g in PSL(2, M) under the covering map, and such that Uj^ig) G 
\l i^.j-tti{A{I)), for all g G PSL(2, cf. [23]. Moreover, the inhnitesimal generator 

Xq of the lifting of the rotation subgroup turns out to be positive [89] . 

The vacuum representation ttq on the vacuum Hilbert space "Htto := A is dehned by 
7Toj{x) = X, for all / G X and all x G A{I), and it is obviously locally normal. The 
unitary equivalence class of a locally normal representation tt up to unitary equivalence 
is called a (DHR) sector and denoted by [vr]. If tt is irreducible then [tt] is said to be 
an irreducible sector. 

A covariant representation tt on the vacuum Hilbert space H is said to be localized 
in Jo if TTi/ = id, for all / D Jq. In this case, we have tti{A{I)) C A{I), for all / G X 
containing Jq, i.e. tt/ is an endomorphism of A{I). If tt is any representation of A on 
a separable Hilbert space Htt and A is any interval in X then there exists a covariant 
representation localized in A and unitarily equivalent to tt. 

The universal C*-algebra [331 Sect.5.3] of A is the unique (up to isomorphism) unital 
C*-algebra C*{A) such that 

- for every J G X, there are unital embeddings Lj : A{I) —>■ C*{A), such that 
H 2 tA(/i)= Hi if A X A, and all ii{A{I)) C C*{A) together generate C*{A) as 
C*-algebra; 

- for every representation tt of M on Att, there is a unique representation vr : 
C*{A) —)■ B{T-iA) such that 

TTl = TT O ij, / G X, 

cf. also [1211321 HZ] . If TT is locally normal then we say that tt is locally normal. If tt is 
localized in A then we say that fr is localized in A- la the following, we shall denote 
TT simply by tt since it will be clear from the context whether vr is a representation of 
A or the corresponding representation of C*{A). 

There is a natural correspondence between localized representations and covariant 
localized endomorphisms of C*{A). Namely, for every locally normal representation 
TT of C*{A) localized in Iq, there is an endomorphism p of C*{A) which is, in an 
appropriate sense, covariant and localized in A, such that tt = ttqo p [531 SZ], cf. also 
[El Sect. 2 ]. 

If TT is a representation of M on a separable Hilbert space then, for any J G X, 
TTji{A{F)y and ttj{A{I)) are factors and, as a consequence of locality, tti{A{I)) C 
TT J! {A{r)y. The square of the index [TTii{A{F)y : ttj{A{I))] G [1, -|-oo] of the subfactor 
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71j{A{I)) C does not depend on I. Its square root is called the statistical 

dimension of vr, it is denoted by (i(7r) and depends only on the sector [tt]. 

If Pi and p 2 are covariant localized endomorphisms of C*{A) localized in the same 
interval Jq G X, then the composition pip2 is again a covariant endomorphism localized 
in Jq. The equivalence class [ttq o P 1 P 2 ] depends only on [ttq o and [tq o P 2 ]. As a 
consequence, with the operations 

[tto o Pi] [tto o P2] := [tq o pips], [tq o pi] + [tto o pa] := [tq o pi © ttq o pa] 

the set of equivalence classes of locally normal representations of A with hnite statistical 
dimension becomes a commutative unital semiring (without 0) TZji called the DHR 
fusion semiring na. As in na we denote by TZji the corresponding ring of formal 
differences (Grothendieck ring) and call it the DHR fusion ring of A. 

An important class of nets is the class of completely rational nets introduced in [61] . 
Complete rationality appears to be the right notion for rational chiral CFTs in the 
operator algebraic setting of conformal nets. By cni a net A is completely rational if 
and only if it satishes the split property and it has only hnitely many irreducible sectors, 
all with hnite statistical dimension. If A is completely rational then TZji is hnitely 
generated. We shall henceforth restrict ourselves to the case where A is completely 
rational. 

In [T^ Sect.3] a locally normal universal C*-algebra is constructed for general A 
which is more manageable than C*{A) and which can be used as a substitute for 
it if only locally normal representations are considered, as typically the case. As A 
is assumed here to be completely rational with N < 00 irreducible sectors, we may 
however work with a simpler C*-algebra isomorphic to the locally normal C*-algebra 
and also dehned in na. It is the reduced locally normal universal C*-algebra, dehned as 
follows. For each sector of A consider a hxed representative representation of C*{A) and 
let (©ed, "Hred) denote their direct sum and C*^^{A) := 7rred(C'*(^)), which turns out to 
be isomorphic to [I2l Thm.3.3]. Then every locally normal representation tt of 

C*{A) is quasi-equivalent to a subrepresentation of ©ed and hence gives rise to a unique 
normal representation tt' of such that vr'oTTred = tt. As a consequence, for every 

covariant localized endomorphism p of C*{A) there exists a unique endomorphism p 
of such that piT^redi.x)) = Tiredi.pi.x)) for all X G C*{A). If TTo o p has hnite 

statistical dimension then p restricts to an endomorphism of the compact universal 
C*-algebra 

f^^:=G;gd(Xl)niF(?fred), 

introduced in [121 Prop.3.4]. 

Let us now apply the general theory to our setting of loop groups. Let G be a 
connected simply connected compact simple Lie group, with the same notation as 

introduced in Section O The loop group net of G at level i on Ri := 'Hxg is dehned as 

■= {^o{g) ■ 9 ^ L/G}", / G X, (4.2) 

where the local subgroups L/ G C L G, / G X, are dehned by 

L/G := {p G LG : p \j^= 1}, (4.3) 

cf. [inj. It is a conformal net satisfying the split property. The locality property of the 
net can be proved in various ways. In particular, it follows from the following lemma 
that we will also use later, cf. m Prop. 1 . 1 . 2 ]. The fact that G is simply connected is 
crucial here. 

Lemma 4.1. Let A : G —)■ UlRLx)/ IJ{1) be a strongly continuous projective unitary 
representation of LG, let g 1 —)■ A(p) G UijHx) be any given choice of the representatives 
of X{g) and let J G X. Then every unitary operator uj satisfying ui\{g)u*j = A(p), for 
all p G L/ G, commutes with A(p), for all p G L/ G. 
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Proof. The projective equality ui\{g)u*j = \{g), g & IjjG implies that the map 
G 3 g ^ x{g) e U(l) dehned by 

x(^)1wa := ui\{g)u*j\{g)\ ^ G L/G, (4.4) 

is a continuous character of L/ G. But L/ G is a perfect group by m Lemma 1.1.1] 
and hence xid) = 1 S' G L/ G. □ 


Let Aj,* = O 5 • • • N—1, be the irreducible level i positive-energy representations of L G 
dehned in Section [3l These representations are mutually locally unitarily equivalent, 
cf. [101 IV.6], [m IV.2.4.1] and [511 P-12]. Accordingly, for any A* and any / G X there 
is a unitary uj : -3 Tixi such that Xi{g) = uiXo{g)u} for all g eLjG. Then, we 

can dehne an irreducible representation of Ag^ by 

TTXijix) := uixu*j, X G vAg,(/), / G X. (4.5) 

Note that it follows from Lemma 14.11 that, for any / G X, does not depend on the 
choice of uj so that 'n'Xi,i 2 lAo^ih)— whenever Ji <Z l 2 - 

Henceforth, we make the following standing assumption on Acr 

Assumption 4.2. Ag^ is completely rational and there exists a (necessarily unique) 
ring isomorphism of i?^(L G) onto ^^oh that V’G(>([Ai]) = [ttaJ, ? = 0,. .., N—1. 

This assumption might seem a strong restriction, but it is expected to be true in 
general and in all explicitly computed cases it has been proven [HI Sect.3.2], see also 
m Problem 3.32]. E.g. for G = SU(n) at any level i the assumption follows from the 
results in [HU |86l [90] . 

Coming back to the case of general G and £ with the above assumptions, we have 
the following immediate consequence of [121 Sect.3]: 

Proposition 4.3. If Ag^ satisfies Assumption \4.S\ then the following holds: 

(i) G;gd(AGj = Bg, and Aag^ = Ag„ so that ^ -I^gg 

(ii) Every localized endomorphism p of G*(A,gJ with finite statistical dimension 
gives rise to a localized endomorphism p o/Bg^, which restricts to an endomor¬ 
phism of the C*-subalgebra of compacts Ag^ C Bg^ ■ 

Recall the injective ring homorphism 0o : i?^(LG) —)■ KK{Agi, Ag^) dehned by 
03.181) . We now state and prove the main result of the present section. It gives an 
interpretation of 0o in terms of DHR endomorphisms and, thanks to Remark 13.91 it 
also gives a description of 0_i and in terms of DHR endomorphisms. 


Theorem 4.4. Let Ag^ satisfy Assumption If. 21 Then, for every localized covariant 


endomorphism p of G*(A,gJ with finite statistical dimension we have 0o(V’Gf ([^0 ° 
P])) = [P liiG,}- 


Proof. For every z = 0,..., A — 1 choose a covariant localized endomorphism pi of 
C*(A1 gJ such that [tto o pf\ = [ttaJ. By the proof of [HI Thm.3.1] there is a surjective 
ring isomorphism j : I^Ag^ KK{Ag^, Ag^) such that j([vro o p]) = {p for every 

covariant localized endomorphism p with hnite statistical dimension. Accordingly, we 
only need to show that 0o([Ai]) = {pi for all z G {0,...,A — 1}. Moreover, 

thanks to the isomorphism KK{Agi, Ag^) — Eiid(iCo(.^Gj) h is enough to show that 
[PXj] X 0o([Ai]) = [pxf\ X {pi UcJ) for all z, j G {0,..., A - 1}. From [IH Thm.2.1(7)] 
we see that \pxj\ x {pi is equal to [piipxj)]- Moreover, it follows from (4) in the 
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proof of [T 2 I Thm.4.4] that [px^] = [/%(pao)] and that 

N-l 

[pi iP\j )] = [Pi° /%(PAo )] = ^ J [Pk (PAo )] 

k=0 

N-l 

= = [paJ X 0o([Ai]), 

k=0 

where, for the last equality, we made use of fl3.19p . □ 


Remark 4.5. Every *-endomorphism jS of induces an endomorphism of Ko{^^) 
as push-forward, dehned by /5*([p]) := [/9(p)]; it also induces an endomorphism (3* of 
as pull-back: for a given K-homology class 


it is defined by 


According to [3l 


£ = 


K, TT © 0, 


0 1 
1 0 


^*{ e ) := 'H,7ro/?®0, J J 
Ex.l8.4.2(a)-(b)], 


' e K^i^G,). 


[p] X {p UgJ = (p UgJ*([p]), [p] e Koi^Gt), 

and 

{P Ug,} X £ = (p Ug,)*(^)> ^ e 

Recalling Remark 13.91 and Theorem 14.41 we can therefore express 0_i and 0i as 
<^-i(V’Q(koop])) = (p Ug,)*([Pi]), 0ife^(koop])) = (p UgJI^Ao)- 


Remark 4.6. In the setting of the preceding theorem, suppose that moreover p pre¬ 
serves the differentiable subalgebra C Rgc Then it induces a pull-back endo¬ 
morphism of HE^{^q ), which we denote by (p )*. The two explicit cocycles 

{Pi )*'^Ao and ta. have the same pairing with Kq{Rgp) = ), although they do 

not coincide. This construction was studied in [12] in a related context though with 
different underlying algebras. 


Remark 4.7. If G is a connected simply connected compact Lie group which is not 
necessarily simple then G is the direct product of connected simply connected compact 
simple Lie groups and the results in this section and in Section [3] generalizes in a 
straightforward way. In this case the level i = ■ ■ ■ An) consists of a level (a 

positive integer) for each simple factor Gj. Then the net Acp is the tensor product 
®Ag 2,(.2 ■ ■ where AGi/ii f = 1, 2,..., n denotes the net dehned from the 

vacuum representation of the loop group LGj at level £i. If AGi/i satishes Assumption 
14.21 for i = 1,... ,n, then also Ag^ does. 


5. Non-simply connected compact Lie groups and other GET models 

In this section we discuss the generalization of the results in Section El and Section 
mto other GET models. The strategy is the following. We hrst give an abstract for¬ 
mulation of the results in terms of conformal nets admitting suitable supersymmetric 
extensions. We then show that the results apply to a large class of GET models in¬ 
cluding lattice models, loop group models associated to non-simply connected compact 
Lie groups, coset models, the moonshine conformal net having the monster group M 
as automorphism group and the even shorter moonshine net having the baby monster 
group B as automorphism group. 
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5.1. Conformal nets with superconformal tensor product. In this subsection 
we will need the notion of graded-local conformal net (also called Fermi conformal net) 
which is a generalization of the one of conformal net when the axiom of locality is 
relaxed to graded-locality (or super-locality). These are the operator algebraic ana¬ 
logue of vertex operator superalgebras. We will need also to consider the spacial case 
of superconformal nets in which the conformal symmetry admits a supersymmetric 
extension. Basically this means that the vacuum Hilbert space of the net carries a 
representation of the Neveu-Schwarz super-Virasoro algebra compatible with the dif- 
feomorphism symmetry of the net. For the precise dehnitions we refer the reader to 
[mus], cf. also na. 

Definition 5.1. Let .4, be a conformal net. We say that A admits a superconformal 
tensor product if there is a graded-local net B with a graded positive-energy Ramond 
representation tt^, cf. m Thm. 2.13], satisfying the following properties: 

(i) The graded-local conformal net 4. ® H is superconformal in the sense of [151 Defi¬ 
nition 2.11]. 

(n) The Ramond representation vr® satisfies the trace-class condition i.e. is a 

trace-class operator for alH > 0. 

We will say that A® B, or more precisely the pair (4, ® B, tt^) , is a superconformal 
tensor product for the (local) conformal net A. 

Remark 5.2. Note that the superconformal tensor products for a given conformal 
net A are far from being unique. In fact if (4. ® B, tt®) is a superconformal tensor 
product for A and C is any superconformal net with a graded Ramond representation 
vr^ satisfying the trace class condition, then (4.0 (H0C),, where is any 

graded subrepresentation of 7r®07r‘', is again a superconformal tensor product for A. 
Here, 0 denotes the graded tensor product, see e.g. [Ml Subsec.2.6]. In particular one 
could take C = A <S) B and = tiq 0 tt®, where vto is the vacuum representation of 
A. Accordingly, if the net A admits a superconformal tensor product then it admits 
infinitely many superconformal tensor products. 

Remark 5.3. The notion of superconformal tensor product can be defined in a com¬ 
pletely analogous way for vertex operator algebras. 

The motivating examples for the above definition are the conformal nets Ag^ consid¬ 
ered in Section 01 Let be the graded local conformal net on generated by a real 
free Fermi field (the free Femi net), see e.g. [T^[TB] . Then for every positive integer n, 
the net generated by n real free Fermi fields can be defined inductively by \= 

and := ^^”04”, n G N. The super-Sugawara construction described Section 0] 

shows that the net Ag^ admits a superconformal tensor product [Ag^, 0 B, , where 
B = Ag^ 0 with d the dimension of G and = tiq 0 with tiq the vacuum 
representation of Agi and the irreducible Ramond representation of Another 
possible choice is B = and tt^ = where Tin is the unique irreducible represen¬ 
tation of if d is even or the direct sum of the two inequivalent irreducible Ramond 
representations of if d is odd. Then, in this case, the superconformal nets Ag^ 0 
are the super-current algebra nets considered in [Ml Sec.6]. Note that for d odd the 
irreducible Ramond representations of F'^ are not graded and for this reason we have 
to chose a reducible Ramond representation ttr. However, the irreducibility of in 
a superconformal tensor product (4 0 B, vr®) is not necessary for the purposes of this 
paper. The important property is the trace-class condition for tt®. 

Many other examples can be given thanks to the following two propositions whose 
proofs are rather straightforward and will be omitted here. 
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Proposition 5.4. Let A be a conformal net on with a superconformal tensor prod¬ 
uct (.4, 0 TT^). If A is an irreducible local extension of A then [A 0 B, tt^) is a 
superconformal tensor product for A. 

Proposition 5.5. If Ai, A 2 are conformal nets with superconformal tensor products 
(4.0 i3i, TT^i) and (4,2 0 respectively then, for every graded subrepresentation 

^Bi^^B 2 ^ 04 , 2 ) 0 (i3i0i32), is a superconformal tensor product 

for the local conformal net 4i 0 42 with tiq the vacuum representation. 

Now, let 4 be a completely rational conformal net with N irreducible sectors and 
let {vTo, TTi,..., vttv-i} be a maximal family of irreducible locally normal representations 
of 4, with TTo the vacuum representation. Moreover, for any i = 0,1,..., — 1 let 

be a localized covariant endomorphism of the universal C*-algebra C*{A) such that 
[vTi] = [tto o pf\. The reduced representation vTi-ed is the direct sum of tto, tti, ..., vttv-i 
dehned on the Hilbert space 

'Hred := "^TT^-ed = ® ’^TTl © ' ' ' © (5.1) 

The compact universal C*-algebra 4^^ is then the subalgebra of the algebra of compact 
operators KifH^ed) given by the direct sums of the algebras i = 0,..., N — 1. 

For any i = 0,..., — 1, we choose a lowest energy unit vector in 71^,. and denote 
by qQ,^ the corresponding one-dimensional projection in KifHT,.) and let Pi be the unique 
minimal projection in C 4_4 such that 7rj(pj) = q^.. By [H] |T2], see also Section E] in 
this paper, the maps [tt*] H- [p*] G and [vTi] hA {pi \si^} G KK{Aa,Aa) give 

rise to a (surjective) group isomorphism 

0^1 : TZa ^ Ko{Aa) 
and to an injective ring homomorphism 

Moreover, and 0^ are related through the Kasparov product by 

= [pi] X 0ff(x), X G 1Za- 

In order to dehne a group isomorphism cff : IZa —^ K^{Aa) by means of Dirac 
operators as in Sections [3] and S] we assume that the completely rational conformal net 
4 admits a superconformal tensor product (4 0 B, tt®) . We also assume that 4 has 
a trace-class representation theory, namely that is trace class for all f > 0 and 

all irreducible locally normal representations tt of 4. All known completely rational 
conformal nets have a trace-class representation theory. Note also that if 4 is a modular 
net in the sense of [SS] then 4 has a trace-class representation theory. Now, for every 
locally normal representation vr of 4 with finite statistical dimension we consider the 
Ramond representation tt of the superconformal net 4 0 H defined by tt := vr 0 tt®. 
Then, by our assumptions, the conformal Hamiltonian 

Ll = LI® 0 Lf 

has non negative spectrum and is trace-class for all f > 0. Now, by the proof 

of [ini Prop. 2.14], there is a unitary positive-energy representation of the Ramond 
super-Virasoro algebra on "Hs- (cf- fl3.12p j by operators Ljj, Gf, n,r E Is, with central 
charge c = ca + cs, where ca and cg are the central charges of 4 and B respectively. 
Then, the Dirac operator := Gq satisfies Df = Lq — ^ (^b ~ where 

he is the lowest energy in the representation tt®. Since h^ is an eigenvalue of Lq° we 
see that we always have hg — > 0 and we say that the superconformal tensor 

product (4 0 B, TT^) for 4 has the strict positivity property if hg — > 0. In this 
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case the Dirac operator has trivial kernel for every locally normal representation tt 
of A with hnite statistical dimension. 


Proposition 5.6. If a conformal net A admits a superconformal tensor product then 
it also admits a superconformal tensor product with the strict positivity property. 


Proof. Let {A®B^ vr^) be a superconformal tensor product for A and let C := AGi®IF'^ 
be a super-current algebra net, where G is a simply connected compact simple Lie 
group, d is the dimension of G and the level £ is a positive integer. Moreover, let 
vr^ := ttq (8) vtr with vr^ the graded Ramond representation of as dehned above. 

Then C is a superconformal net with central charge cc = | + and is a graded 

Ramond representation of C with lowest energy he = ^. Accordingly 


hr-^ = d 


24 
_ 


> 0 . 


^24 24(£ + hv)^ 

Now, let S := B®C and vr® := ■n^®'n‘^. Then, B has central charge Cg = Cg -f cc and 
TT^ has lowest energy hs + he so that 

ca + Cg 


^B 


_ , c_a + cb ce 

24 “ ^ 24 ^24 

> ^ > 0 . 

- ^ 24 


Hence, {A ® B, tt®) is a superconformal tensor product for A with the strict positivity 
property. □ 


Now let M be a completely rational conformal net with N irreducible sectors and let 
{A®B, TT®) be a superconformal tensor product for A having the strict positivity prop¬ 
erty. We £x a projection eg G onto any one-dimensional even lowest energy 

subspace of Let vr be a locally normal representation of A with finite statistical 
dimension and let vr' be the unique normal representation of the reduced universal 
C*-algebra such that vr' o Tired = tt. We dehne a degenerate representation tt 

of on I-iji = 'Htt ® by 7r(a;) := 7r'(x) ® eg. In particular we can dehne pairwise 
unitarily inequivalent representations Tij, i = 0,..., — 1. Using the Dirac operators 

DjTi, we can dehne the Fredholm modules ("HTf., tTj, sgnD^J for the C*-algebra and 
the corresponding K-homology classes £* := [{'H^f^,^li,sglaD^^.)] G K^{A_a). Then, as in 
Proposition 13.71 it can be shown that the Kasparov product with the K-theory classes 
\Pi] gives 

\pi]xej = 6ij, i,j = 0,...,N-l. (5.2) 

Consequently, the K-homology classes e* do not depend on the choice of the super¬ 
conformal tensor product (M (D H, tt®). Now, the maps [iij] i—)■ e* give rise to a unique 
(surjective) group isomomorphism (pf- : IZj, —?• K^{Aj{). As a consequence of Eq. 05.21) 
and of the results in mm, cf. the proof of Theorem 14.41 we have the following 
theorem. 

Theorem 5.7. Let A he a completely rational conformal net having N irreducible 
sectors and admitting a superconformal tensor product. Then the group isomorphism 
(pi : 72.^ —>■ K^{AjP) does not depend on the choice of the superconformal product. 
Moreover, 

(p^{x) X (p^{y) = (p^{xy), x,ye Ha- 

In particular, 

(p-l{Xk) X (po{Xi) X CpifXj) = Mij, 

where Xi := [tt*], i = t),..., N — 1, denotes the preferred basis ofIZA- 
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Remark 5.8. If A is a completely rational conformal net with N irreducible sec¬ 
tors which has trace-class representation theory and admits a super conformal tensor 
product then, following the arguments in Section [3l one can dehne a differentiable 
Banach algebra C which is a dense subalgebra of M _4 closed under holomor- 
phic functional calculus so that Ko(M^) = Ko(Ayi). Moreover, as in Theorem 13.61 one 
can dehne even 6*-summable spectral triples (M^, vfi, whose JLO cocycles Tj gives 
the same index pairing as the K-homology classes £*, namely Ti(pj) = [vr^] x Si = 6ij, 
i,j = 0,..., N — 1. Accordingly the entire cyclic cohomology classes [rj] give complete 
noncommutative geometric invariants for the irreducible sectors of A. However, in 
contrast to the group isomorphism (j)-f : —?■ the differential algebra and 

hence the corresponding cyclic cohomology classes [r*] may depend on the choice of the 
super conformal tensor product for A. 

Remark 5.9. If M is an arbitrary completely rational conformal net with sectors [vrj], 
i = 0,..., — 1 then one can dehne elements Si G determined by Eq. fl5.2p . 

Then the map [vTj] ha Si dehnes a group isomorphism 0^^ from TZ^a. onto such 

that (t) X (j)f'{y) = (j)'^{xy) as in Theorem 15.71 However, without assuming that 
A admits a super conformal tensor product and a trace-class representation theory we 
loose the natural interpretation of 0^ in terms of Dirac operators, JLO cocycles and 
super conformal symmetry. 

Remark 5.10. Let M be a completely rational conformal net. Then is a 

hnitely generated free abelian group. Every ring structure on KP{Aa) obtained by 
introducing a product x compatible with the group operation -|- gives rise to a group 
homomorphism 0 q : —)■ KK{Aa,,Aa) determined by the condition x x y = 

((>q{x) X y, x,y E K^{Aa.)- Conversely every group homomorphism 0 : ^ 

KK{Aa.,Aa.) determines a ring structure on through the product xx^y = 

0(a:) X y. With the special choice 0 := {cpf') , with determined by the 

action of the DHR endomorphisms on the group isomorphism : 77_4 —?■ K^{Aa) 
becomes a ring isomorphism. 

5.2. Applications to chiral CFT models. In this subsection we give various exam¬ 
ples of conformal nets admitting super conformal tensor products. For the examples for 
which the net is known to be completely rational we can apply Theorem 15.71 and Re¬ 
mark [53] so that the DHR fusion ring of the nets can be described in terms of K-theory 
and noncommutative geometry. All examples considered below, completely rational or 
not, have a vertex operator algebra analogue. 

Example 5.11. Let Au(i) be the conformal net generated by a chiral U(l) current 
(chiral free Bose held) considered in [5], see also HU Example 8.6]. Then it follows 
from the super-Sugawara construction in [56], cf. Section [5] and also [T51 Sec.6], that 
(Au(i) <8).T, tir) is a superconformal tensor product for Au(i), where A is the free Fermi 
net and tir is the corresponding graded Ramond representation. More generally, for 
any positive integer n, the conformal net Au(i)" dehned as the tensor product of n 
copies of Au(i), admits the superconformal tensor product (Au(i)" ® All the 

nets Au(i)'* admit uncountably many irreducible sectors, see e.g. [9], and hence cannot 
be completely rational. 

Example 5.12. Let L be an even positive-dehnite lattice of rank n. Then one can 
dehne a corresponding conformal net Al [26l[76|, which is completely rational by m 
Corollary 3.19]. The conformal net Al is the operator algebraic analogue of the simple 
lattice vertex operator algebra Vl, see e.g. [SS] Sect.5.5] for the dehnition of Vl, see 
also m Conjecture 8.17]. By construction, the net Al is an irreducible local extension 
of Au(i)’* and hence it admits a superconformal tensor product. In fact one can choose 
{Al® A^,7^r). 
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Remark 5.13. The lattice net Al and its representations are related to the projective 
unitary positive-energy representations of the loop group LU(1)” corresponding to 
a central extension determined by L through the group isomorphism between U(l)"' 
and the n-dimensional torus ML/L, see [7^ Sect.9.5] and [2S1 Sect.3]. Accordingly 
Al may be considered as a loop group net for the non-simply connected group U{1). 
The subnet .Au(i)^ Al then corresponds to the restriction to the component of the 
identity (LU(l)'^)^ of LU(l)’^. 

Example 5.14. Let G be a compact connected Lie group. Then 

G ~ (Gi X Ga X ••• X G™ X U(l)'^)/Z, (5.3) 

where Gj, i = is a connected simply connected compact simple Lie group 

and Z is a hnite subgroup of the center Z{Gi) x Z{G 2 ) x • • • x Z{Gm) x U(l)" of 
Gi X G 2 X • • • X Gm X U(l)". Of course, G is semisimple if and only if n = 0 i.e., there 
is no torus factor. Now, let BG be the classifying space of G. A class i G H^{BG,h) 
is called a level and transgresses to a central extension L G^ of L G, [MlEQlISS]. We 
say that the level i G iL^(RG, Z) is positive if LG^ admits irreducible positive-energy 
unitary representations i.e., if there exists an irreducible positive-energy projective 
unitary representations at level tm, see also Dehnition 1 and Dehnition 2 in [50]. If 
^ G H^{BG,'L) is a positive level then one can dehne a local conformal net Ag^ as a 
simple current extension 

•A-Gi '■= (x4.Gi,fi O A.G 2/2 • • • ® ® Al) x Z , (5.4) 

where the positive integers (levels) G, • • • Am and the lattice L are determined by 
£ G H'^{BG,X), see [501 Elj- Equivalently, the net Ag^ can be dehned through the 
vacuum representation Aq of LG^ as in the simply connected case, see Eq. fl4.2p . The 
locality property of the net follows from the disjoint-commutativity of the “transgres¬ 
sive” central extension L G^, see [H31 Sect. 3.3]. Now, G = 1) ■ ■ ■ j and Al admit 
a superconformal tensor product and hence, by Proposition 15.51 the net 

•A := AIgi/i <8 AIg2/2 • • • ® A-G^/rn Al (5.5) 

admits a superconformal tensor product. Accordingly, since Ag^ = Al x Z is an ir¬ 
reducible local extension of A, it also admits a superconformal tensor product by 
Proposition 15.41 Actually, the supersymmetric tensor product can be taken of the form 
(aIg^ <8 tir) where d is the dimension of G, is the graded-local conformal net 
generated by d real free Fermi helds and ttr is a graded Ramond representation of 
Hence, if Agi is completely rational, equivalently if AIg^^. is completely rational for all 
i = 1,... ,m, Theorem 15.71 applies and gives a generalization of the results in Section 
m to the case of non-simply connected compact Lie groups. 

Remark 5.15. Similarly to Example 15.141 one can dehne a vertex operator algebra 
Vgi, which is the analogue of the conformal net AIg^, as a simple current extension of 
the tensor product of an affine vertex operator algebra and a lattice vertex operator 
algebra, cf. [SSHSOlEIl |66| . 

Remark 5.16. Let G and i G H^[BG,'L) as in Example 15.141 and let i?^(LG) be the 
free abelian group generated by the irreducible positive-energy unitary representations 
of L G^, i.e., the level ^ irreducible positive-energy projective unitary representations of 
LG, with a multiple of the identity, see e.g. [3S]- Note that the condition that 

e*27rLQ ^ multiple of the identity is not necessarily satished for general positive-energy 
representations, see [79]. Then i?^(L G) admits a fusion ring structure which can be de¬ 
hned through the correspondence with the VOA simple modules of the vertex operator 
algebra Vg^ or through the modular invariance property of characters as in the simply 
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connected case. Moreover, as in the simply connected case, any irreducible positive- 
energy unitary representation A of L is locally unitarily equivalent to the vacuum 
representation Aq and hence gives rise to an irreducible locally normal representation 
tta of the conformal net as in Eq. fld.Sp and, if Aqi is completely rational, the 
map A I—)■ tta gives rise to an injective group isomorphism xjjQ^ : R^ihG) — )■ R-Agi- 
expected that Ag^ is always completely rational and that is always a surjective ring 
isomorphism, i.e. that Ag^ satishes the analogue of Assumption 14. 2l for every connected 
compact Lie group G and every positive level I G Z), see e.g. [50l Conjecture 

4], although this remains in general an important open problem. A positive solution is 
known for some special cases, e.g. for G = SO(3) = SU(2)/Z2 at every positive level, 
cf. |Sni Sect. 3] and jS] Sect.5]. 

Example 5.17. Let G and ^ G H^{BG, Z) be as in Example 15.141 and let iL C G be 
a closed connected subgroup of G. Then the positive level i G H^{BG,1i) maps to a 
positive level i' G H^{BH,X) which gives a smooth central extension L C LG^ of 
L H. The restriction to L of the vacuum representation Aq of L G^ gives rise to an 
embedding Ah^, C Ag^ of the conformal net Ah^, as a covariant subnet of Ag^- The 
corresponding coset subnet C Ag^ can be dehned by the relative commutant 

A%^, (/) := Ah, (/)' n Mg,(/), / G X, (5.6) 

see [92], see also m [68] . It follows from the Kazama-Suzuki superconformal coset 
construction [63] [6l| that the coset conformal net admits a superconformal tensor 
product <8) ,7iRj, where dc and dn are the dimensions of G and H re¬ 

spectively. In various cases the coset net is known to be completely rational, see 
[681 inn [92l (93] [9l| • In all these cases Theorem 15.71 applies. Moreover, the completely 
rational coset conformal nets admit interesting irreducible extensions such as the mir¬ 
ror extensions dehned in [^. Then all these extensions are completely rational and 
admit a superconformal tensor product so that Theorem 15.71 applies. Many interesting 
GET models can be described through completely rational coset conformal nets and 
their irreducible extensions. Various examples will be given here below. 

Example 5.18. Let Mvir,c be the Virasoro net with central charge c [TOl [58]. If A 
is a conformal net then the corresponding representation of Diff(S'^) gives rise to an 
irreducible subnet Mvir.c X M, the Virasoro subnet of A. The value c is determined 
by A and c is said to be the central charge of M. If c < 1 then, as a consequence 
of the Goddard-Kent-Olive construction [H], Mvir,c can be realized as a coset for an 
appropriate inclusion of loop group nets [58] and it turns out to be completely rational. 
Accordingly Theorem 15.71 applies to all Virasoro nets with c < 1 and, in fact, to all 
conformal nets with c < 1. These are classihed in [58] . 

Example 5.19. The even (Bose) subnet of a V = 1 super-Virasoro net with central 
charge c < 3/2 can be realized as a coset of an inclusion of loop group nets and 
it turns out to be completely rational [161 Sect. 6]. Accordingly, the even subnets 
of the superconformal nets with c < 3/2 are all completely rational and admit a 
superconformal tensor product so that Theorem 15.71 applies. These conformal nets 
have been classihed in [161 Sect.7]. Similarly, the even subnet of a V = 2 super- 
Virasoro net with central charge c < 3 can be realized as a coset of an inclusion of loop 
group nets and it turns out to be completely rational m Sect.5]. Accordingly, the even 
subnets of the N = 2 superconformal nets with c < 3 are all completely rational and 
admits a superconformal tensor product so that Theorem 15.71 applies. These conformal 
nets have been classihed in [m Sect.6]. 

Example 5.20. For every subfactor N C M with Jones index [M : V] < 4, M. Bischoh 
has constructed in [5] a completely rational conformal net Ancm whose representation 
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category is braided tensor equivalent to the quantum double D{N G M) and has shown 
the existence of vertex operator algebras Vncm with the analogous property. The nets 
•Anczm are obtained from loop group nets by taking cosets, irreducible local extensions 
and tensor products. Accordingly, they all admit a superconformal tensor product and 
Theorem 15.71 applies. Note that, for any of these nets, the DHR fusion ring 
coincides with the fusion ring of the corresponding vertex operator algebra Vncm- 

Example 5.21. Let n be a positive integer and let .4.®” i be the conformal net with 
central charge n/2 dehned as the tensor product of n copies of the Virasoro net 
Then, 4.®” i is the tensor product of completely rational conformal nets admitting 

a superconformal tensor product and hence it is a completely rational conformal net 
admitting a superconformal tensor product. A conformal net A is said to be framed if 
it is an irreducible local extension of .4^^ i for some positive integer n (HHl Sect.4], see 

also [52]. Accordingly, every framed conformal net is completely rational and admits 
a superconformal tensor product so that Theorem 15.71 applies. Remarkable examples 
of framed conformal nets are the moonshine net 4.^ constructed by Kawahigashi and 
Longo in [60], see also m Thm.8.15] and whose automorphism group is the monster 
group M, and the even shorter net Ay^ti constructed in [T7[ Thm.8.16]. 

All the above example show that the description of the representation theory of CFTs 
in terms of K-theory and noncommutative geometry goes far beyond the realm of loop 
groups. It would be very interesting if some of the above examples also admitted a 
topological description in terms of twisted K-theory in the spirit of FHT. This would 
give e.g. a twisted K-theory description of the discrete series representations of Diff(S'^) 
and of the representation theory of coset models, cf. [251 pag® 2013] and [SHI page 323]. 
To this end a more direct and clear relation of the results in this paper in the case of 
loop groups and the FHT work is probably needed. 

We end this section with a comment on the case of disconnected compact Lie groups, 
which are covered in the FHT setting through the analysis of twisted loop groups and 
their positive-energy representations, cf. [36], but not in our present analysis. The 
point is that the usual definition of loop group nets generalizes to non-simply connected 
compact Lie groups but apparently does not generalize in a natural way to disconnected 
compact Lie groups, cf. [Sni ED ED EB]- Note that in [SD ES] a fusion product on the 
representation of certain twisted loop group is constructed from the point of view of 
subfactor theory through Connes fusions. The results there indicate that there is no 
conformal net associated to a twisted loop group. Rather the representations of the 
twisted loop group should be considered as twisted (soliton) representations of the 
corresponding untwisted loop group net and should be related to the representation 
theory of orbifold models which, presently, are not covered by our analysis. 
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